We study the effects of repulsive interaction and disorder on Bosons in a two-site Bose-Hubbard system, which provides a simple model of the dirty boson problem. By comparison with exact numerical results, we demonstrate how a straightforward application of the Bogoliubov approximation fails even to deliver a qualitatively correct picture: It wrongly predicts an increase of the condensate depletion due to disorder. We show that, in the presence of disorder, the noncommutative character of the condensate operator has to be retained for a correct description of the system.
I. INTRODUCTION
The interplay of disorder and interaction in bosonic systems, known as the dirty boson problem [1] , is responsible for the superfluid-insulator transition observed in many condensed-matter systems, like superfluid helium adsorbed on porous media [2] , high-T c superconductors [3] , and light propagating in disordered media [4] . While disorder, giving rise to Anderson localization [5] , can destroy the superfluid condensate and take the system to a Bose-glass phase [6, 7] , weak repulsive interactions have instead a delocalizing effect. This competition has recently been studied experimentally with Bose gases of cold atoms in optical lattice potentials, where both the strength of interaction and disorder can be controlled experimentally [8, 9] .
The aim of the present work is to study the dirty boson problem. Concretely, we seek to obtain more insight in the intricacies of the Bogoliubov approximation in the inhomogeneous case [10] [11] [12] . To this end, we consider a minimal model of interacting Bosons in a system of only two lattice sites, described by a Bose-Hubbard model (also known as Josephson junction or Lipkin-MeshkovGlick model [13] ) with the Hamiltonian
(see Figure 1 ). Here,â j denotes bosonic operators, n j =â † jâ j , and the parameters J, U , and ∆ are hopping amplitude, on-site interaction, and tilt (or energy mismatch between the sites), respectively. In our toy model, the tilt ∆ represents disorder [14] .
The Bogoliubov approximation is an efficient method for the perturbative treatment of weakly interacting Bose condensates; it brings the Hamiltonian to a form quadratic in quasi-particle operators [10] . These describe quantum fluctuations on top of the macroscopically occupied condensate mode. The Bogoliubov excitations can be associated with the Goldstone mode of the system due to spontaneously broken U (1) symmetry [15] . The Bogoliubov approximation is valid for systems that ap- proach a thermodynamic limit such that both the particle number and the volume of the system tend to infinity, while the ratio of the two remains a finite constant. If the volume of the system is constrained [16] , additional finite-size effects play a role [17] . We show below that for our model with only two lattice sites, a naive application of the Bogoliubov approximation even fails to deliver a qualitative description of the system in the presence of disorder. Instead, we need to re-introduce the quantum character of the condensate mode to construct the Nparticle wavefunction of the interacting groundstate. In this way, we obtain results that agree with the exact diagonalization of Hamiltonian Eqn. (1) in the limit of large particle number. In contrast to extended disordered systems [12, 18] , we find that the tilt ∆ counteracts the depletion of the condensate due to interaction.
II. EXACT DIAGONALIZATION
We work with a fixed particle number N . Then, the Hilbert space of (1) is N + 1-dimensional: l particles on site 1 and N − l particles on site 2, where l runs from 0 to N . Numerically, it is straight forward to diagonalize the matrix H ll = l|Ĥ |l . Throughout this work, we consider zero temperature, so we take the eigenvector with the lowest energy and compute the one-body density
According to Penrose and Onsager [19] , the condensate mode is identified as the eigenstate of ρ with the largest eigenvalue N 0 , and that eigenvalue is the population of the condensate. Conversely, the depletion of the condensate δN is the sum of all other eigenvalues. In the present case of only two sites, there is only the condensate and one other mode. Examples of the N -particle ground-state wavefunction are shown in Figure 2 , results for the depletion in Figures 3 and 4 .
III. APPROXIMATE ANALYTICAL SOLUTION
At temperatures well below the transition to the condensed phase, it is convenient to separate the bosonic operatorsâ j into condensate and noncondensate part
In our discrete two-site system, the numbers f j with the normalization
are the analogue to the condensate wavefunction, i.e. a macroscopic number of particles in a product state. For the sake of simplicity, we will assume f j to be real in the following.
A. Bogoliubov meanfield part
We assume a large number of atoms on each of the two sites, and continue by applying the Bogoliubov approximation. It consists in substituting the operatorsâ 0 and a † 0 with √ N 0 , where N 0 denotes the number of atoms in the condensed mode. Further assuming a small condensate depletion with N 0 ≈ N , we havê
With this approximation, we will first determine an approximate form of the meanfield wave function f j , and bring the Hamiltonian Eq.
(1) to a quadratic form in the fluctuation operators δâ j . However, in section III C, we will show that for a correct description of the condensate depletion and the system's many-body wavefunction, it is essential to re-introduce the noncommutative operator character ofâ 0 . For technical reasons, we chose the grand canonical frameÊ =Ĥ − µN ,N =n 1 +n 2 . We will always adjust the chemical potential µ as function of J, U , ∆ and N such that a given particle number N is kept fixed.
.e., the f j fulfill the the discrete Gross-Pitaevskii equation
Together with the constraint (4), the meanfield problem is fully defined; f 1 , f 2 , and µ are determined as functions of J, ∆, and U N . Introducing the population imbalance n = N (f 
With this, and by setting the determinant of the coefficient matrix of Eqs. (6a) and (6b) to zero, one finds the quartic equation for the chemical potential
where
To leading order in ∆, this yields
Note that the negative shift of the chemical potential due to the "disorder" ∆ is analogous to Eq. (15) of [11] . Via Eqn. (7), the chemical potential determines the meanfield imbalance and the condensate wave function f j .
B. Bogoliubov noncondensate part
The meanfield wave function f j has been obtained from the minimization of the meanfield energy functional. That means, the leading order of the relevant Hamilto-
is quadratic in the quantum fluctuations:
Here, we find a typical feature of the Bogoliubov ansatz: Eqn. (10) contains terms like U n 1 δâ 1 δâ 1 , which destroy two particles, instead of destroying one particle and creating one particle. The particle number is not conserved and implicitly, we understand that missing particles have gone to the condensate mode. In other words, the equations of motion mix creators and annihilators. This can be resolved by the Bogoliubov transformation to quasi-particleŝ
Postulating i ∂ tβν = [β,F ] ! = ω νβν and a comparison of coefficients, we arrive at the Bogoliubov-de-Gennes equations [20] 
As the matrix in (12) is not Hermitian, we cannot expect the eigenvectors to be orthogonal. Rather, they fulfill the bi-orthogonality relation [17] (
The matrix in Eqn. (10) 
A special mode ν = 0 is found by setting u 0j = v 0j . Then, Eq. (12) becomes the discrete Gross-Pitaevskii equation (6), such that u 0j = v 0j = f j and ω 0 = 0. The corresponding operatorβ 0 =:P is Hermitian. It can be interpreted as a kind of momentum associated to the Goldstone mode of the U (1) symmetry breaking of Bose-Einstein condensation [21] . There is a conjugate positionQ satisfying [Q,P ] = i. Since only one regular mode remains, we drop the index ν = 1. BothP andQ commute withβ andβ † , and the operatorsβ,β † ,P , and Q form a complete set to express the δâ j and δâ † j , such that the Bogoliubov HamiltonianF readŝ
For ∆ = 0, one finds the usual Bogoliubov dispersion ω (0) = 2J(U N + 2J) and the inverse mass term α (0) = U N . Both quantities are even functions of ∆; the quadratic correction is calculated in the Appendix, Eqs. (A14a) and (A20).
The regular Bogoliubov mode is normalized as
C. Many-body wavefunction and condensate depletion
To construct an explicit expression for the many-body wavefunction, it is necessary to go back to the original definition (3) of the field operatorâ j . It then follows from the bosonic commutation relation [â i ,â † j ] = δ ij that the operators δâ i and δâ † i obey the commutation relations (15) where the last equality defines the projection operator δ ij . Within the Bogoliubov approximation, that is, with Eqn. (5), the above relation would become [ 
In the ground state |C N of the noninteracting system, all N particles occupy the condensate state,
where |0 is the no-particle state or physical vacuum. The effect of pairwise particle interaction is to deplete this condensate state, and thus the lowest state of the interacting system -the Bogoliubov vacuum denoted by |0 -consists of a superposition of states, each with a different number p of pairs of particles excited out of the condensate:
(Summation over repeated indices is implied.) The symmetric matrix A ij and the normalization constant Z in the ansatz Eqn. (16) can be determined from the conditionβ|0 = 0. We refer the reader to Ref. [17] for details of the calculation. With the abbreviations u *
it results in
with β = u *
Eqn. (16) together with Eqns. (17) and (18) yield an explicit representation of the interacting ground state |0 . Accordingly, the N -body wavefunction in configuration space can be written in the form
where χ p is the part of the wavefunction with exactly p pairs of particles excited out of the condensate:
For each pair of non-condensate particles occupying the sites i and j, there is a factor A ij from Eqn. (19)- (20), we obtain for the one-body density matrix, where
To compare the interacting ground state Eqn. (16) with the results of exact diagonalization, we need to expand the wave function (19) in the Fock basis (l bosons on the left and N − l bosons on the right site): Figure 2 shows an example for N = 7 particles, i.e., with 0 ≤ p ≤ 3 pairs in Eqn. (19) . For moderate interaction U J, the agreement with data from the exact diagonalization is good despite of the small number of particles. Compared to the noninteracting case, the amplitudes for large l and large N −l are suppressed, i.e., the interacting system disfavors particles to cluster on one of the sites.
The density matrix Eqn. (21) allows us to calculate the condensate depletion
In 
that is, the condensate depletion is correctly described within the simple Bogoliubov approximation of section III B. However, for ∆ = 0, this is not the case: Fig. 4 
IV. SUMMARY AND DISCUSSION
While either disorder or interaction alone tend to diminish the phase coherence in bosonic systems, the numerical calculations in Ref. [14] found the -at first glance counterintuitive-result that a combination of the two can actually enhance coherence. In the present work, we observe this behaviour in the variation of the condensate depletion with the disorder parameter ∆. Figure 4 shows how an increase in ∆ restores the condensate population, counteracting its depletion by repulsive interaction.
For the two-site system under consideration here, both condensate population and total particle number can be assumed large. However, a naive application of the Bogoliubov approximation is not valid, as a thermodynamic limit cannot be defined due to the fixed size of the system [17] . By explicit construction of the N -particle ground state, we showed that the usual Bogoliubov wavefunctions u and v appear in a modified form u, v in the onebody density matrix of our system: they have to be corrected by terms proportional to [â 0 ,â † 0 ]. In extended systems, these terms are multiplied with the inverse volume of the system, which renders them negligible in the thermodynamic limit [17] .
Our comparison with exact numerical results reveals that the Bogoliubov description, which -by definitionneglects the noncommutative character of the condensate operatorâ 0 , fails to describe the two-site system in the presence of disorder. Therefore, a careful description of the interacting condensate particles is mandatory to capture the interplay between interaction and disorder within small inhomogeneous Bose systems. 
